Abstract. In this paper, as an analogue of the integer case, we define congruence preserving functions over the residue class rings of polynomials over finite fields. We establish a counting formula for such congruence preserving functions, determine a necessary and sufficient condition under which all congruence preserving functions are also polynomial functions, and characterize such functions.
1. Introduction 1.1. Motivation. Let m and n be positive integers. In [4] , Chen gave the following definition. where a is considered as in Z when evaluating F (a).
Chen also extended the above concept to multivariables in [5] . The concept of congruence preserving function from Z/nZ to Z/mZ was implied in [4] and was defined clearly by Bhargava in [1] .
Definition 1.2 ([1])
. A function f : Z/nZ → Z/mZ is said to be congruence preserving if for all a, b ∈ {0, 1, . . . , n − 1}, f (a) ≡ f (b) (mod d) whenever a ≡ b (mod d) and d divides m.
It is easy to see that any polynomial function f : Z/nZ → Z/mZ is congruence preserving. Chen [4] posed the problem of determining all pairs (n, m) for which the converse is also true. Bhargava gave a complete answer to Chen's question by determining all such pairs in [1, Theorem 1] and called such pairs (n, m) as Chen pairs.
Recently, in [3, Theorem 1.7] Cégielski, Grigorieff and Guessarian characterized all the congruence preserving functions from Z/nZ to Z/mZ by using binomial functions.
In [10] , we generalized the notion of polynomial function to the case of residue class rings of polynomials over finite fields. In this paper, we want to generalize congruence preserving functions to the same case, and then determine all the Chen pairs and establish a characterization for such functions by following the strategies in [1] and in [6] respectively.
1.2. Our situation. Let F q be the finite field of q elements, where q is a power of a prime p. Denote by A = F q [t] the polynomial ring of one variable over F q . For any non-zero h ∈ A, define |h| = q deg h . For any non-constant polynomial f ∈ A, let A f be the residue class ring of A modulo f , and let
Note that A f is a complete set of the representatives of the residue classes modulo f . Moreover
From now on, f, g ∈ A are two non-constant polynomials. Definitions 1.1 and 1.2 can be generalized as follows.
Definition 1.3 ([10]
). A function σ : A f → A g is said to be a polynomial function if it is representable by a polynomial F ∈ A[x], that is, σ(h) ≡ F (h) (mod g), for any h ∈ A f , where h is considered as in A when evaluating F (h).
If every congruence preserving function from A f to A g is also a polynomial function, then we say that (f, g) is a Chen pair.
In this paper, we give a counting formula for the number of congruence preserving functions from A f to A g , determine all the Chen pairs (f, g), and characterize such functions.
We first present related results and then prove them in Sections 2, 3, 4 and 5.
1.3. Counting congruence preserving functions. Recall that f, g ∈ A are two non-constant polynomials. In the sequel, assume that the prime factorization of g is:
where α ∈ F * q and each P i is a monic irreducible polynomial of positive degree over F q , i = 1, . . . , r. Denote M(f, g) as the number of the congruence preserving functions from A f to A g . Theorem 1.5. We have
where n = deg f , and
Noticing that the total number of functions from A f to A g is |g| q n , as a direct consequence we have: 
So, if every function from A f to A g is congruence preserving, then every such function is also a polynomial function.
1.4. Determining Chen pairs. As usual, N stands for the set of non-negative integers. To simplify the statement, we define a function γ : A \ F q → N ∪ {∞} on powers of irreducible polynomials P by if q = 2
and on all other non-constant polynomials h by
where h has the prime factorization βQ
The characterization of a Chen pair is given below. (1) when q = 2, x 3 ∤ g, (x + 1) 3 ∤ g, and for all irreducible polynomials P with deg P ≥ 2, P 2 ∤ g; or (2) when q > 2, g is a square-free polynomial.
Moreover, we can determine the natural density of the Chen pairs (g, g), that is, the limit
The following result suggests that most of the pairs (g, g) are Chen pairs.
Corollary 1.9 implies that (g, g) is a Chen pair if and only if γ(g) = ∞, that is, if and only if (f, g) is a Chen pair for all f ∈ A by Theorem 1.8. In a similar sense one can say that (f, g) is a Chen pair for most of the pairs in A × A.
1.5.
Characterizing congruence preserving functions. We first consider the special case when g = P e with e ≥ 1 and P irreducible polynomial of degree d ≥ 1.
where m i=0 l i q di is the q d -adic expansion of k, and define the binomial polynomials:
Clearly, B 1 (x) = x. By [12, Theorem 3.3], we know that for any k ∈ N and any h ∈ A, B k (h) indeed can be viewed as an element in A P e , and so each polynomial B k automatically defines a function from A f to A P e . Theorem 1.11. A function σ : A f → A P e is congruence preserving if and only if there is a unique sequence {c 0 , c 1 , · · · , c q n −1 } of elements of
and for each k = 1, . . . , q n − 1, c k is in the subgroup generated by P
Finally, the general case follows directly from Theorem 1.11 and Lemma 2.1 (1) below. Corollary 1.12. Assume that the polynomial g has the prime factorization as in (1.1). Then, a function σ : A f → A g is congruence preserving if and only if for every i = 1, . . . , r, σ i has an expression as in ( 1.2), where σ i is the reduction of σ modulo P
Different from the integer case (see [3, Theorem 1.7] ), in the case of A we don't have a uniform characterization for such congruence preserving functions. The reason is that there is no sequence over A such that it is a P -sequence (see Definition 5.1 below) for any irreducible polynomial P in A; see, for instance, [8, Examples 2.5 and 2.6].
Proof of Theorem 1.5
The following lemma is an analogue of [1, Proposition 1] proved via the Chinese Remainder Theorem. It implies that we only need to consider the special case when g = P e with e ≥ 1 and P irreducible polynomial. We omit its proof. Lemma 2.1. Let σ : A f → A g be a function. Assume that g has the prime factorization as in (1.1). 
We first establish a counting formula for the number of congruence preserving functions from A f to A P e . Lemma 2.2. The number M(f, P e ) of congruence preserving functions from A f to A P e is given by
Proof. By definition, since A f = A t n , we have M(f, P e ) = M(t n , P e ). So, it is equivalent to compute M(t n , P e ). If n = 1, then A t = F q . Note that every function from F q to A g is a polynomial function (see, for instance, [10, Theorem 3.1]), and thus a congruence preserving function. So, we have
which is the desired result when n = 1. Now, assume that n > 1. To compute M(t n , g), we want to first obtain a recursive relation between M(t n , g) and M(t n−1 , g). Notice that for any congruence preserving function from A t n to A P e , its restriction to A t n−1 gives a congruence preserving function from A t n−1 to A P e . We therefore need to determine the number of ways a given congruence preserving function σ : A t n−1 → A P e can be extended to a congruence preserving function from A t n to A P e . This is equal to the number of ways σ(h) with h of degree n − 1 can be assigned while preserving the necessary congruences. That is, σ(h) can take values from A P e , but if h ≡ a (mod P l ), where a ∈ A t n , deg(a) = n − 1 and l ≤ e, then we must have σ(h) ≡ σ(a) (mod P l ). So, we need to know the largest l such that σ(h) is determined modulo P l . This largest l is easily seen to be given by min{e, ⌊ n−1 d
⌋}.
It follows that if σ is to remain congruence preserving when extended to A t n , then σ(h) can take on a total of exactly
Note that the number of such h with degree n−1 is (q −1)q n−1 , we therefore have the relation
Using this relation repeatedly, together with (2.1), yields the desired result. Now, it is easy to prove Theorem 1.5.
Proof of Theorem 1.5. Given a function σ : A f → A g , by reducing the values of σ modulo P 
then by Lemma 2.2, we derive the desired counting formula for such congruence preserving functions.
Proof of Theorem 1.8
The strategy to prove Theorem 1.8 is to compare the number of congruence preserving functions with the number of polynomial functions from A f to A g . By Lemma 2.1 (3), we in fact only need to consider functions from A f to A P e with e ≥ 1 and irreducible polynomial P .
We first recall a counting formula, given in [10, Theorem 4.4], for the number of polynomial functions from A f to A g .
Write F q = {a 0 = 0, a 1 , . . . , a q−1 }, and for every k ∈ N, let
where m i=0 l i q i is the q-adic expansion of k. This gives us a one-to-one correspondence between N and A. Then, as an analogue of factorials of non-negative integers, one can define factorials for polynomials in A by
and the factorial is 1 when k = 0; see [9] for another analogue.
The following is a special case in [10, Theorem 4.4].
Theorem 3.1. The number N(f, g) of polynomial functions from A f to A g is given by
, where n = deg f .
When g = P e , we have:
The number N(f, P e ) of polynomial functions from A f to A P e is given by
Proof. The desired result follows by substituting g = P e in Theorem 3.1 and using the fact from [2, Example 3] that gcd(P e ,
Recalling the function γ defined in Section 1.4, we first determine a condition when (f, P e ) is a Chen pair.
Lemma 3.3. The pair (f, P e ) is a Chen pair if and only if deg f < γ(P e ).
is a Chen pair if and only if
M(f, P e ) = N(f, P e ), which, together with Lemma 2.2 and Corollary 3.2, is equivalent to
So, by (3.2) the condition (3.1) is equivalent to (3.3)
On the other hand, for any k ≥ 1 we have
and the equality occurs in the above if and only if k < 2q d . Thus, the inequality
also holds, and the equality in (3.4) occurs if and only if k < 2q
Therefore, using (3.4), the condition (3.3) holds if and only if k < 2q By the definition of the function γ, this is equivalent to the condition n < γ(P e ). We thus complete the proof. Now, we are ready to prove Theorem 1.8.
Proof of Theorem 1.8. Assume that the polynomial g has the prime factorization as in (1.1). By Lemma 2.1 (3) and Lemma 3.3, we know that (f, g) is a Chen pair if and only if deg f < γ(P 
Proof of Theorem 1.10
To prove Theorem 1.10, we need some preparations. The following result is well-known; see [11, Proposition 2.3] .
Lemma 4.1. Let S(n) be the number of all monic square-free polynomials of degree n in A. Then
We also need to count the polynomials in A satisfying the condition in Corollary 1.9 (1). Lemma 4.2. When q = 2, let T (n) be the number of all polynomials of degree n in A satisfying the condition in Corollary 1.9 (1). Then
if n = 3 ,
Proof. For n = 0, 1, 2, 3, by simple calculations, T (n) = 1, 2, 4, 6, respectively. Now, we suppose n ≥ 4, and denote by U(n) the set of all polynomials of degree n in A satisfying the condition in Corollary 1.9 (1). Clearly, U(n) can be divided into four disjoin parts:
So, we have
Then, it remains to compute the sizes #U i (n), i = 1, 2, 3, 4. Firstly, by Lemma 4.1, we know that
For U 2 (n), we have
which gives the following recursive formula
So, we obtain
Using Lemma 4.1, we further have
For U 3 (n), by symmetry, we have
For U 4 (n), we first have
which implies that
So, we get
Using Lemma 4.1 again, we obtain #U 4 (n) = 1 9 2 n−3 + (−1) n−1 (3n − 19) .
Finally, collecting the above calculations, we have
This completes the proof.
We are now ready to prove Theorem 1.10.
Proof of Theorem 1.10. When q = 2, by Corollary 1.9 (1) and Lemma 4.2, we have
Besides, when q > 2, using Corollary 1.9 (2) and Lemma 4.1, we obtain
Proof of Theorem 1.11
In this section, P is always an irreducible polynomial of degree d in A. Let v P be the additive valuation of A at P . By convention, put v P (0) = ∞.
We first recall the notion of P -sequence and homogeneous P -sequence over A as in Frisch's PhD thesis [6, Definition 2.3].
Definition 5.1. A sequence {u i } (finite or infinite) over A is a Psequence, if for any m ∈ N and all i, j,
and a homogeneous P -sequence if in addition
In particular, any P -sequence {u i } is also a homogeneous P -sequence if u 0 = 0.
For the sequence {b k } ∞ k=0 defined in Section 1.5, it is easy to see that it is a homogeneous P -sequence, that is, for any i, j, m ∈ N,
The following result is a key lemma in the proof. It is a special case in [6, Lemma 2.24]. Here we omit its proof.
by increasing valuation at P , and {u i } k i=1 a P -sequence over A. Then, for any J ⊆ {1, 2, . . . , k}, J = ∅ and any h 1 , h 2 ∈ A, we have
The following lemma is a direct consequence of Lemma 5.2. Lemma 5.3. For any k ≥ 1 and any h 1 , h 2 ∈ A, we have
Proof. The case k = 1 is trivial by noticing b 0 = 0. We assume that k ≥ 2. In Lemma 5.2, choosing u i = b i−1 , i = 1, 2, . . . , k and J = {1, 2, . . . , k}, we obtain
Besides, we have
where the equality follows from [7, Lemma 2. Proof of Theorem 1.11. We first prove the sufficiency. It is equivalent to prove that for any 1 ≤ k ≤ q n − 1, c k B k (x) is congruence preserving when c k is in the subgroup generated by P µ(k) (mod P e ). By definition, it suffices to show that for any h 1 , h 2 ∈ A,
Indeed, applying Lemma 5.3 and [7, Lemma 2.7 (b)], we have where the last equality comes from (3.2). This coincides with Lemma 2.2. We thus complete the proof.
